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8Abstract
The presence of point-like, non-nuclear and extremely luminous X-ray sources in local galax-
ies has been recognized for some time. These ultra-luminous X-ray sources (ULXs) can have
luminosities in excess of ∼ 1039 erg s−1, and their true nature is yet to be understood. Their
luminosity typically exceeds the Eddington luminosity of a 10 M black hole (BH). They could
be black holes of stellar origin radiating at Eddington or super-Eddington rates. Alterna-
tively ULXs could host intermediate-mass black holes (with a mass bigger than 100–1000 solar
masses), emitting below the Eddington limit, as in Galactic black-hole X-ray binaries, but with
larger, cooler accretion disks.
We have constructed a model to calculate the light curve of ULXs at different orbital phases
as a function of the system parameters, in order to constrain the mass of the BH and donor star
in these systems. Results will affect our understanding of the nature and evolution of ULXs.
We assumed a close binary model with a black hole accreting matter from the companion star.
We started from current models of ULXs optical emission and developed them by including
the donor star deformation effects on the light curves. Since the shape of the star follows the
geometry of the Roche lobe, we numerically computed the equipotential surface around the
companion star to find the properties of the Roche lobe. This implementation has been done
in Python language. We used the Newton Raphson method and determined the radius of the
Roche lobe-filling donor star with a relative accuracy of 10−14. Considering the importance of
darkening effects (gravity & limb) on the light curve, specially in the case of a deformed star,
we have also taken them into account (assuming black body emission). We also considered the
effects of inclination on the light curve and included X-ray irradiation on the deformed donor
star.
The final product of my thesis work is a (Python) code that simulates the optical light curve
from the donor star in ULXs. The codes uses a number of parameters such as the mass ratio of
the black hole and companion star, the Roche lobe filling factor, the accretion rate, the gravity
and limb darkening coefficients, the inclination to the line of sight and the orbital period. We
examined the dependence of the light curve on each parameter determining in each case the
expected amplitude of the orbital modulation. Finally we performed a preliminary calculation
of the optical modulations from the donor for the parameters of a real source, the ULX M101
ULX-1.
Chapter1
Introduction
1.1 Ultra-Luminous X-ray Sources (ULXs)
The ultraluminous X-ray sources (ULXs) are a class of very bright point-like X-ray sources
detected off the nuclei in several galaxies (Fabbiano 2006)[9]. Although they were discovered
more than 20 years ago (by the Einstein X-ray satellite; Long & van Speybroeck 1983[38];
Fabbiano 1989[8]), their nature remains unclear. They have an X-ray luminosity in the range
1039 − 1042ergs−1.
A few ULXs have significant flux variability on time scales as short as minutes (Strohmayer
and Mushotzky 2003[42]; Strohmayer et al. 2007[43]; Heil et al. 2009[17]; Feng et al. 2010[10];
Rao et al. 2010[39]), while many others show random variation on longer time scales from days,
weeks to years (Feng and Kaaret 2009[12]; Kaaret and Feng 2009[20]; Kong et al. 2010[22];
Grise’ et al. 2010[14]). X-ray luminosities and short term variability suggest that the majority
of these puzzling sources are likely to be accreting black holes (BHs) in binary systems (see e.g.
Zampieri and Roberts 2009[46] and references therein).
ULXs are different from stellar-mass Galactic BHs either a different class of BHs or in a
different accretion state. Their X-ray spectral and variability properties are consistent with
various alternative scenarios, characterized by BHs of different mass and origin. These go from
the challenging intermediate-mass BHs of about 102 - 104 M (Colbert and Mushotzky 1999)[5],
to massive stellar BHs of 25 to 80 M formed from the direct collapse of low-metallicity massive
stars (Mapelli et al. 2009[30]; Zampieri and Roberts 2009[46]), to stellar-mass BHs (≤ 20M)
accreting above the Eddington limit (King et al. 2001[24]; King 2008[23]). Recently pulsating
neutron stars (NSs) have also been detected in ULXs (Bachetti 2014 [1], Israel et al. 2016[18]).
Broadband X-ray observations of the nuclear region of the galaxy M82, reveal pulsations with
an average period of 1.37 seconds and a 2.5-day sinusoidal modulation. (Bachetti 2014 [1]).
They are 10–100 times more luminous than Galactic black hole binaries (BHBs), whose
maximum luminosity is about 1039ergs−1. If the luminosity of ULX is Eddington-limited, this
suggests that ULXs may contain BHs at least 10–100 times more massive than Galactic ones
which are typically of 10M, and thus represent a new class of BHs with masses in the range of
102−104 M, intermediate between stellar-mass and super-massive BHs. However, some models
suggest that the Eddington limit could be violated by a factor up to 10 for stellar mass BHs (e.g.
Begelman 2002[2]), and the X-ray luminosity may be overestimated due to anisotropic emission
caused by geometric beaming at high accretion rates (King et al. 2001[24]). In these conditions,
intermediate mass black holes (IMBHs) are not required to interpret ULXs. A combination of
super-Eddington and mildly beamed emission from stellar-mass BHs could account for ULXs
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with an apparent luminosity up to about 1041ergs−1 (Poutanen et al. 2007[37]).
In summery there are three basic ways to explain X-ray sources with apparent accretion
luminosities more than 1039ergs−1, using only standard accretion physics. We can either increase
the mass of the BH (thus, increasing its Eddington limit), or attribute the observed flux to
beamed emission, or require a mass accretion rate high enough to allow the source to exceed the
Eddington limit by a factor of a few. It is also possible that the most luminous ULXs may be
explained by a combination of all three factors.
In order to determine (or at least constrain) the BH mass the period of a ULX binary
system should be measured. This represents a crucial preliminary step, required to perform
an efficient spectroscopic followup in search of radial velocity variations and hence measure the
mass function of the system, and so the BH mass. The best way to quantify the binary period
is to study the optical emission of the counterpart and to determine its periodic modulation.
The same strategy was successfully adopted for measuring the orbital period and mass of the
compact object in Galactic BH X-ray binaries (e.g. Van Paradijs and McClintock 1995 [38]).
After several unsuccessful attempts made in the past, finally in the last couple of years the first
measurements of the mass function of two ULXs, M 101 ULX-1 (Liu et al. 2013)[27] and ULX
P13 in NGC 7793 (Motch et al. 2014)[32] were made.
Figure 1.1: An artist’s impression of a Black hole X-ray Binary (BHXRB). The major components of
the binary, accretion flow, and outflows are indicated..
1.2 Black Holes
One of the most spectacular consequences of general relativity is the prediction that gravitational
fields can become so strong that they can effectively trap even light. Space becomes so curved
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that there are no paths for light to follow from an interior to exterior region. Such objects are
called black holes. Classical black holes do not emit. If a black hole is non-rotating, it is called
Schwarzschild black hole while, if it is rotating, Kerr black hole.
A non-rotating black hole has a point singularity, whereas a rotating black hole has a ring
singularity. A non-rotating black hole has a spherical event horizon (In general relativity, an
event horizon is a boundary in space-time beyond which events cannot affect an outside observer),
whereas a rotating black hole has a slightly oblate (flattened-squashed) ellipsoid event horizon,
with a region around the event horizon (touching at the poles with respect to the rotation axis)
known as the ’ergosphere’ in which no particle can remain at rest ”with respect to infinity”.
The black hole of astrophysical interest form from the collapse of the core of the massive stars.
1.2.1 Schwarzschild Black Holes
A Schwarzschild black hole is a non rotating collapsed object. In Schwarzschild coordinates,
with signature ( + - - - ) the line element that describes the geometry of space-time outside the
event horizon has the form,
ds2 = −
(
1− 2GM
c2r
)
(cdt)2 +
(
1− 2GM
c2r
)−1
dr2 + r2[dθ2 + sin2 θdφ2]. (1.1)
where M is the mass of BH and rs is the Schwarzschild radius, rs =
2GM
c2
. The Schwarzschild
radius is the characteristic length scale for curvature in the Schwarzschild geometry.
1.2.2 Kerr black holes
The Kerr-metric describes the space-time around a rotating black hole. The metric contains the
parameter aj . It is related to its angular momentum J as follows:
aj =
J
Mc
The parameter aj gives the direction and speed of the rotation. A positive value indicates
a clockwise rotation of the object, a negative value indicate a counterclockwise rotation. The
larger the angular momentum, the larger the value for a, the faster the rotation. Some properties
of the Kerr-metric can be directly understood by looking at the line element :
• It is stationary: it does not depend explicitly on time.
• it is axisymmetric: it does not depend explicitly on Φ.
1.3 Binaries
Most stars in the sky are in binary systems or, more generally, in multiple systems (triples,
quadruples, quintuplets), where the orbital periods (Porb) range all the way from minutes to
∼ 106 yr. Of course, the majority of binaries are in fairly wide systems that do not interact
strongly and where both stars evolve essentially as single stars. But there is a large fraction of
systems (with Porb ∼ < 10 yr) that are close enough that mass is transferred from one star to
the other. This changes the structures of both stars and their subsequent evolution.
There are 20 confirmed black hole in the Milky Way with masses of about 10 Msun and at
least 20 more black hole candidates thought to be representative of a very large population of
about 108 to 109 black holes in the Galaxy. They are observed as members of binary systems
in which the black hole accretes gas from the outer layers of its stellar companion.
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1.3.1 Binary system
We consider a binary system of stars with masses M1 and M2 orbiting one another in a fixed
Keplerian orbit with period Porb. Close binaries (with Porb < 10 d) tend to be circular, but this
is the result of tidal interactions that efficiently circularise close eccentric binaries.
We assume that the first star (star 1) rotates uniformly about an axis perpendicular to the
orbital plane with a fixed rotational angular velocity ω1 parallel to and directed in the same
sense as the orbital angular velocity wK . We furthermore assume star 1 is sufficiently centrally
condensed to be approximated by a point mass surrounded by a uniformly rotating zero-density
envelope. We assume this envelope is consecutively stable so that no bulk motions of the mass
elements of star 1 occur other than those due to the star’s rotation and the tidal force exerted
by the companion. The companion star (star 2) is treated as a point mass.
The mass elements of star 1 are, at any given time, subjected to a sum of gravitational and
rotational forces caused by the star’s mutual gravitational attraction, rotation, and orbital
motion.
The masses M1 and M2, the binary separation a, and the orbital period P , are related
through Kepler’s third law,
4pi2a3 = G(M1 +M2)P
2. (1.2)
Figure 1.2: A binary system with a compact star of mass M1 and ‘normal’ star of mass M2 orbiting their
common centre of mass (CM) with separation a.(Eggleton 1983)
1.3.2 The Roche lobe
One particularly important concept in studying the evolution of binary systems is the Roche
lobe. Considering the so-called restricted three-body problem, where one follows the motion of
a mass-less test particle in the gravitational field of two orbiting masses M1 and M2, one can
define an effective potential in a co-rotating frame that includes the gravitational potential of
the two stars and the centrifugal force acting on the test particle (this assumes that the orbit
is circular and that the Coriolis force can be neglected, at least initially). This potential has
5 so-called Lagrangian points where the gradient of the effective potential is zero (i.e., where
there is no force in the co-rotating frame). The three most important ones lie along the line
that connects the two stars. Of particular importance is the inner one, referred to as L1 or
inner Lagrangian point, since the equipotential surface that passes through this point (called
the Critical Roche-Lobe Potential) connects the gravitational spheres of influence of the two
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stars. This means that, if one star starts to fill its Roche lobe (the part of the critical potential
engulfing the star), then matter can flow through the L1 point into the Roche lobe of the other
star. This is the most important way of how mass can be transferred from one star to the other
and is called Roche-lobe overflow (RLOF).
The effective Roche-lobe radius RL only depends on the orbital separation a and the mass-ratio
q = M2/M1. For star ‘1’ with mass M1, it is well approximated by(Eggelton 1983[7]):
RL =
0.49q−
2
3
0.6q−
2
3 + ln(1 + q−
1
3 )
a (1.3)
An analogous expression is used for the effective Roche-lobe radius of star ‘2’( RL2), with q
replaced by q−1.
1.3.3 Binary evolution
We illustrate the standard techniques involved in the restricted three-body problem by con-
sidering the motion of gas, around an interacting binary in a circular orbit (see Frank, King
and Raine 2002[11]). The motion of gas is subject to pressure gradient forces in addition to
the gravity of the stars. The mass of the particles or fluid elements is almost always negligible
compared to the masses of the binary components and thus induces negligible accelerations on
the stars. Under these conditions the binary components orbit the common center of mass on
circular orbits of constant radius if the eccentricity is zero. The gas flow between the two stars
is governed by the Euler equation:
dv
dt
=
∂v
∂t
+ (v.∇)v = −∇Φ− ∇P
ρ
, (1.4)
where Φ is the gravitational potential of the stars, ρ is density v is velocity and P is pressure
of the gas. For non-interacting particles it is possible to drop the pressure gradient term. Writing
this formula in a frame of reference rotating with the binary system makes it more convenient,
since in the rotating frame the two stars are at rest. An extra term appears in the Euler equation
that take accounts for the centrifugal and Coriolis forces. With these assumptions, the Euler
equation takes the form:
dv
dt
=
∂v
∂t
+ (v.∇)v = −∇ΦR − 2ω ∧ v − ∇P
ρ
, (1.5)
where ω is the angular velocity relate to an inertial frame and φ the potential in the rotating
frame. The angular velocity of the rotating stars, given in terms of a unit vector, e, normal to
the orbital plane is:
ωR(r) =
[
GM
a3
]1/2
e (1.6)
The term −2ω ∧ v is the Coriolis force per unit mass;−∇ΦR includes the effects of both the
gravitation and centrifugal force. φR is known as the Roche potential and is given by:
φR(r) = −GM1
r1
− GM2
r2
− 1
2
(ω ∧ r)2
where r1 , r2 are the position vectors of the centers of the two stars.
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1.4 Accretion
In certain conditions (see next section) matter can be transferred from one star of the binary
system to the other. As seen from the BH while is accreating, in our case the BH, the in-
falling matter has angular momentum. Conservation of angular momentum prevents matter
from falling directly into the black hole. The incoming gas will form a ring. Friction will heat
up the gas in the ring (dissipation of energy). Because of the conservation of angular momentum
if some particle slows down, and gradually spirals in towards the compact object, some other
must expand outwards, creating a disc from the initial ring.
The disc outer edge thus expands far beyond the initial radius, The accretion disc grows
until a steady state is reached, when the rate of the gas that feeds it is equal to that of the gas
falling onto the star. Friction will heat the gas to extremely high temperatures. The accretion
disc will glow in the X-rays. The matter in the accretion disc drifts gradually inwards until it
reaches the last stable orbit around the BH. At this point the matter spirals into the BH. Thus
the energy which can be released by accretion onto black holes is given by the energy which can
be dissipated in order to reach the last stable orbit around the B.H.
1.4.1 Accretion efficiency
Suppose the matter is falling onto an object of mass M and radius R. Falling toward M , it
gains kinetic energy in exchange of its potential energy. For a mass m falling from infinity to a
distance r from the central mass, the conservation of energy requires:
1
2
mv2 =
GMm
r
(1.7)
If all the kinetic energy is converted into heat and then radiation, the luminosity L is:
Lacc =
GM
R
m˙ (1.8)
where m˙ is the accretion rate (the mass that crosses a cylindrical surface centered on the object
per unit time). Thus the accretion luminosity can be expressed as :
Lacc = ηm˙c
2 (1.9)
where η is the efficiency of the conversion of rest mass energy into radiation. For black holes,
various relativistic effects must be taken account, and this results in efficiencies ranging from ∼
0.1 to ∼ 0.4, depending on the rotational velocity of the black hole (fast rotating black holes
being more efficient).
1.4.2 Eddington limit
Radiation coming from the disk exerts a force on the incoming matter. The limiting luminosity
at which an object can accrete is obtained setting the radiation force acting on the electron
equal to gravitational force acting on a proton (assuming that the gas is mostly composed of
hydrogen),it is given by :
Ledd =
4piGMmP
σT
(1.10)
where mp is the proton mass, and σT is the Thomson cross–section.
This expression holds for a stationary flow in spherical symmetry. The Eddington limit depends
only on the mass of the accretor:
LEdd = 1.26× 1038
(
M
M
)
ergs−1 (1.11)
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1.4.3 Accretion disk
As discussed above accretion discs are the basic and fundamental structures through which
matter (gas) is accreted onto compact objects. Since circular orbits have the least energy for
a given angular momentum, we expect that the gas slowly spirals inwards through a series of
approximately Keplerian circular orbits transferring angular momentum outwards. The binding
energy of a gas element with mass m in a Keplerian orbit grazing the surface of an object (of size
R) is GMm/2R and since the gas element starts its inspiral at large distances with negligible
binding energy, the total luminosity of a disc (in a steady state) must be.
Ldisk =
GMm˙
2R
=
1
2
Lacc (1.12)
which is half of the available energy Lacc.
For a schwarzschild BH, R = 3R, as no stable circular orbit is possible bellow this radius.
1.4.4 X–ray emission from accreting black holes
The specterum emitted by the accretion disk is thermal, because the effective optical depth is
typically much larger than unity, Each annulus of the disk emit approximately as black body at
local temperature. The total specterum is the superposition of these contribution.
The accretion disc thermal spectrum is not the only component in the observed spectra
from accreting black holes. In particular, a power law spectral component is ubiquitous in the
X–ray spectra of black hole binaries and active galactic nuclei. The mechanism to produce
such a power law component is inverse Comptonization of the thermal disc photons by a pop-
ulation of energetic electrons above the accretion disc itself (the so–called corona in analogy
with Sun’s corona, (e.g.: Rybicki and Lightman 1979[40]; Haardt & Maraschi 1991[16]). For a
non–relativistic population of electrons with energy kTe , the average change in photon energy
for each single scattering is:
< ∆E >= (4kTe − E) E
mec2
If the photon energy is initially much lower than the electron energy kTe, the photon gains
energy in the scattering and this process is generally called inverse Compton scattering. Hence,
as long as E  kTe , the photon continues to gain energy after each scattering with an electron
with ∆E/E ∼ 4kTe/mec2. The number of scattering depends of course on the properties of the
electron population (its optical depth) but, in general, the exponential gain of photon energy
leads to a spectrum which has a power law form and a high energy cutoff at the energy at which
no more energy gain is possible (i.e. when the photon reaches the electron energy). Therefore
the combined spectrum of the accretion disc plus the corona is the superposition of the thermal
spectrum of the disc and a power law tail at high energies.
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Chapter2
Geometry of the donor star
2.1 Introduction
The Roche potential is commonly used to describe equipotential surfaces in close binary stars.
Its fundamental assumptions are that the individual components act as point masses and that
hydro-static equilibrium obtains without any mass motions relative to the co-rotating frame of
reference (Kopal 1959) [21]. Despite the point mass approximation, the Roche potential can still
be used for calculating the structure of binary stars (Kippenhahan 1970) [25]. (Limber 1963)
[26] has modified the Roche model to allow for non-synchronous rotation, but only synchronous
rotation will be assumed here.
2.2 The restricted three-body problem: Roche potential
The Roche potential is the potential energy per unit mass of a test particle which is orbiting the
center-of-mass of a binary system in a frame co-rotating with it. A circular orbit is assumed for
the binary system. The Roche potential includes both gravitational and centrifugal potential
energies, such that its derivative gives the force (and thus acceleration) on the test mass.
We onsider two stars of mass M1 and M2 in circular orbits about their common center of
mass in the x–y plane with angular velocity ω = v1r1 =
v2
r2
, where v is the orbital speed and r the
distance from the center of mass of the system. When considering such a system, it is convenient
to work in a co-rotating coordinate system with the center of mass at the origin (Fig. 2.1), in
this reference frame the mutual gravitational attraction between the two stars is balanced by
the outward push of a centrifugal force. The centrifugal force vector on a mass m at a distance
r from the origin is:
F = mω2r~r (2.1)
Where ~r is the unit vector in the outward radial direction.
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Figure 2.1: Corotating coordinates for a binary star system.
When considering the potential energy of the system in a co-rotating coordinate system, we
add to the gravitational potential energy:
U = −GMm
r
(2.2)
a “centrifugal potential energy”
Uc =
1
2
mω2r2 (2.3)
obtained by integrating Eq. 2.1 with the boundary condition Uc = 0 at r = 0. Including the
centrifugal term, the effective potential energy for a small test mass m located in the plane of
the orbit is:
U = −G(M1m
s1
+
M2m
s2
)− 1
2
mω2r2 (2.4)
Dividing by m, we obtain the effective potential energy per unit mass, or effective gravi-
tational potential,
Ψ = −G(M1
s1
+
M2
s2
)− 1
2
ω2r2 (2.5)
Returning to Fig. 2.1, we have (from the law of cosines):
s1
2 = r1
2 + r2 + 2r1r cos θ (2.6)
s2
2 = r2
2 + r2 − 2r2r cos θ (2.7)
The angular frequency of the orbit, ω, is given by Kepler’s third law:
ω2 = (
2pi
P
)2 =
G(M1 +M2)
a3
(2.8)
Where P is the orbital period and a is the separation of the two stars.
The last four equations can be used to evaluate the effective gravitational potential at every
point in the orbital plane of a binary star system.
Geometry of the donor star 19
2.3 Roche potential and Equi-potential surface
If the orbit is circular and the star rotate synchronously, we can assume that the figure of the
two stars are determined solely by the shape of the equipotential surfaces given by the Roche
potential (Eq. 2.5). It is usually assumed the stars act gravitationally as point masses, and that
they are free of non-radial oscillations. In Cartesian Coordinates, with the origin at the center
of the mass of the primary, the x-axis aligned with the center of mass, and the z-axis parallel to
the rotation axis (see Fig. 2.1), the potential (see Eq. 2.5) at a point (x, y, z) co-rotating with
the binary system is given by:
Ψ(x, y, z) = −G(M1 +M2)
2a
C,
where
C(x, y, z) =
2
1 + q
1
(x2 + y2 + z2)
1
2
+
2q
1 + q
1
((x− 1)2 + y2 + z2) 12
+ (x− q
1 + q
)2 + y2 (2.9)
and q = M1M2 is the mass ratio (Mochnacki 1984) [33]. The first two terms are point mass po-
tentials. The two last terms are the centrifugal force due to the orbital motion. The coordinates
x, y, z are in unites of a, the separation of the centers of mass of the two components.
The shapes of the equipotential surfaces depend only on the mass ratio. one can write the
potential in the spherical coordinates (Kopal 1959) [21]:
Ψ =
(1 + q)C
2
− q
2
2(1 + q)
where
C(r, θ, φ) =
1
r
+ q(
1√
1− 2r sin θ cosφ+ r2 − r sin θ cosφ) +
q + 1
2
r2sin2θ (2.10)
where θ and φ is polar an azimuthal angles respectively.
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Figure 2.2: A surface representing the Roche potential for a binary system with mass ratio q = 2 .
The larger pit is around the more massive star. The downward curvature near the edges is due to the
’centrifugal’ term; a test particle attempting to co-rotate with the binary at these distances experiences a
net outward force.
2.4 Lagrangian points
There are five points at which the gravitational forces exactly balance the centrifugal forces. A
mass element with zero velocity experiences no accelerations at these points and thus remains
stationary with respect to the co-rotating frame of reference. Three of these so-called Lagrangian
points lie on the line connecting the center of the masses of the binary components, while the
other two lie on the tips of equilateral triangles whose bases coincide with the line on connecting
the center of the masses of the component stars (see Fig. 2.3).
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Figure 2.3: Section in the orbital plane of the Roche equipotentials ΦR = const, for a binary system with
mass ratio q = M2/M1 = 0.25. Shown are the centre of mass (CM) and Lagrange points L1 − L5. The
equipotentials are labelled 1-7 in order of increasing ΦR (from Frank et al. 2002) [11].
Figure 2.4 shows the value of the effective gravitational potential along the x-axis. The
significance of this graph becomes clear when we consider the x-component of the force on a
small test mass m , initially at rest on the x-axis:
Fx = −mdψ˜
dx
(2.11)
where ψ˜(x) = ψ(x, 0, 0).
At the point value dψ˜/dx = 0, there is no net force on the test mass: the gravitational pull
exerted on m by M1 and M2 is just balanced by the centrifugal force of the rotating reference
frame. These are the Lagrangian points L1, L2 and L3 (see Fig 2.4). In a non-rotating reference
frame, the Lagrangian points mark positions where the combined gravitational pull of the two
masses on a test mass provides precisely the centripetal force required for the test mass to rotate
with them. Thus, at these points a test mass maintains its position relative to the two stars.
These equilibrium points are clearly unstable because they are local maxima of Ψ: slightly
perturbing the test mass will cause it to accelerate down to the potential. As we shall see
presently, the inner Lagrangian point, L1, is central to the evolution of close binary systems.
The two region bounded by the equipotential surface passing through L1 are called Roche lobe.
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Figure 2.4: The effective gravitational potential Ψ˜ along the x-axis (y=z=0) for two stars with masses
M1= 0.85M and M2 = 0.17M. The dashed line is the value of Ψ˜ at the inner Lagrangian point. If the
total energy per unit mass of a particle exceeds this value of Ψ˜, it can flow through the inner Lagrangian
point between the two stars.
2.5 Classes of binary stars and filling factor
Binary stars are classified on the basis of which equipotential surfaces are filled. In detached
binaries, the distance separating the two stars is much greater than their radii. The stellar
surfaces are close to spherical (see Fig. 2.5) and the two stars evolve nearly independently of
each other. If one of the two stars in the course of its evolution expands to pull Its equipotential
surface up to the inner Lagrangian point L1, its atmospheric layers can escape and be attracted
towards its companion. Thus one of the stars in a binary system has expanded beyond its Roche
lobe, mass transfer to its companion can take place. Such a system is called a semidetached
binary.
The star that has filled its Roche lobe and is losing mass is usually referred to as the secondary
star in the system with mass M2, and its accreting companion is the primary star with mass
M1. The primary star can be either more or less massive than the secondary star. It may also
be the case that both stars expand to (over) fill their Roche lobes. In this case, the two stars
share a common atmosphere bounded by a dumbbell-shaped equipotential surface, such as the
one passing through the Lagrangian point L2. Such systems are referred to as contact binaries.
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Figure 2.5: a) Detached systems have both stars well inside their Roche lobes. b) Semidetached systems
have one star filling its Roche lobe and the other star well inside. Matter will be transferred from the
Roche lobe filling star onto the other star through the L1 point. Algol is an example, as are the X − ray
binaries and cataclysmic variables. c) Over-contact systems are binaries where both stars are larger than
their Roche lobes. In other words, the two stars share a common atmosphere.
There are two ways of parametrizing the exact at which a star fills its Roche lobe:
1. Specify a numerical value of the potential Ψ . A Roche lobe filling star will have Ψ = Ψcrit
(which depends on the mass ratio q), while stars within their Roche lobes have Ψ ≤ Ψcrit.
2. Specify a “filling factor” by radius. A Roche lobe filling star has ff = 1, while stars within
their Roche lobes will have ff ≤ 1. The filling factor is defined by the ratio of the polar
radius of the star (R0) and the polar radius of the Roche lobe (RR):
ff =
R0
RR
(2.12)
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2.6 Calculation of the equipotential surface of the companion
In order to calculate the light curve from the secondary star over period, at any given orbital
phase we sum the flux emitted from all the surface elements in the direction of the observer.
The grid of surface elements is defined over the companion surface using an equidistant array of
values of θ, each of which is further subdivided into elements according to an array of equidistant
values of φ.
We adopt a right-handed rotating coordinate system with the x-axis joining the stellar cen-
ters. The center of star 1 is at (0,0,0) and the center of star 2 is at (1,0,0). The xy-plane is
the orbital plane. We call XL1 the coordinate of the inner Lagrangian point L1. We define the
normalized potential f(x, y, z) in such a way that:
f(x, y, z) = Ψ(x, y, z) =
2
1 + q
1
(x2 + y2 + z2)
1
2
+
2q
1 + q
1
((x− 1)2 + y2 + z2) 12
+ (x− q
1 + q
)2 + y2
(2.13)
The potential at f(xL1 , 0, 0) is taken as reference value:
ps = f(xL1 , 0, 0) (2.14)
The first step is calculating the equipotential surface f(x, y, z). We determine it from:
f(x, y, z)− ps = 0 (2.15)
After transforming from Cartesian to spherical coordinates, for each grid element the radius
ri = ri(θi, φi) is obtained numerically using the Newton-Raphson method.
The surface element is given by:
ds = r2i sini θi∆θi∆φi/ cosβ (2.16)
where β is the angle between the surface normal n, and the radius vector r (Kallrath 1999) [19].
Figure 2.6: Surface normal and line-of-sight. This figure shows te radius vector r, the normal vector n
and the angeles γ and β.
It is possible to generalize the calculation reported above to the case of an under-filling Roche
lobe star taking ps = f(ff · xL1 , 0, 0). Finally, starting from an assumed mass ratio q and filling
factor ff , we first calculate the position of L1 (XL1) and then the equipotential surface.
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2.6.1 Calculation of XL1 using the Newton Raphson Method
First we need to find XL1 for an assumed value of q , The Newton Raphson method is used. The
Roche potential equation in Cartesian coordinate in more convenient to use. Since we already
know that Lagrangian point L1 in somewhere between center of stars so we can assume that Y
= Z = 0 so
(XL1)k+1 = (XL1)k −
f ′(XL1 , 0, 0)
f ′′(XL1 , 0, 0)
(2.17)
A good approximation for the initial value will guarantee a faster convergence. We then start
of the approximated analytical expression from Plavec and Kratochvil (1963) [36]:
RR0 = 0.500− 0.227 log10 q (2.18)
2.6.2 Calculating the equipotential surface using the bisection method
In order to determine the equipotential surface of the star we solve the equation 3.19 with the
bisection method:
f(x, y, z)− ps = 0 . (2.19)
It is relatively slow but convergence is guaranteed and the solution smooth. we set the fractional
accuracy to 10−15, so that the radius of the star is calculated with error less that 10−15 (in
normalized potential system).
Figure 2.7: Radius of a star for q = 1
a) Cross section of the companion star, for two diffeent inclination i = 0(green) and i = pi/2(blue).
b) Radius of the star for the fixed θ = 90.
2.7 Geometry of the donor star
The result of the computation of dri = ri(θi, φi) is shown in table 2.1 for 3 different mass ratios
and f=1. The companion star is deformed by the distorting gravitational potential and also by
rotation. Rotation makes star flattened and the effect of flattening makes the cross-section of
the star at inclination θ = 0 bigger than that of inclination θ = 90, this effect plays an important
roll in determining the optical emission of the star in absence of irradiation.
Figure 2.7a shows a cross-section of the companion star for 2 different inclinations, the green
line shows the cross-section of the star if the observer sees the star from the top up and the
blue-line shows the cross-section if the observer see it from the edge on, it is clear that star is
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Radius at θ=90
φ q=1 q=0.32 q=0.1
0 0.500000000000 0.61468042949 0.717512587115
10 0.455181865936 0.61468042949 2 0.662124936352
20 0.425698876375 0.61468042949 0.632526211794
30 0.405594184501 0.510828163163 0.615216824695
40 0.391826039327 0.49773499673 0.604839522162
50 0.382632735029 0.489487635884 0.598775942368
60 0.376905514699 0.48471866323 0.595588663876
70 0.373899656091 0.48471866323 0.594414260568
80 0.373082795285 0.482345981214 0.594688201219
90 0.37404614837 0.483665925187 0.596008054498
100 0.376446938276 0.486127029417 0.598061077407
110 0.379967290506 0.489396442079 0.600584528802
120 0.384282912706 0.489396442079 0.603344184998
130 0.389039845584 0.489396442079 0.606124093202
140 0.393841699678 0.489396442079 0.608724038586
150 0.398253407445 0.50427259482 0.61096264645
160 0.401828963142 0.506915885141 0.612684413366
170 0.404166330135 0.508604783406 0.61376877677
180 0.40498009293 0.509185725196 0.614139020196
Table 2.1: Radius of the companion Star for 3 different mass ratios at an inclination angle=90
a bit flattened. Figure 2.7b shows the radius of the star as a function of the φ for the fixed
θ = pi/2.
2.7.1 Flattening effects on the companion star
Table 2.2 shows the equatorial ra and polar rb radii of the companion for different mass ratios.
The difference between the equatorial and polar radii of the companion, is due to the cen-
trifugal force induced by the rotation around the center of mass. Since the distance from the
center of the mass of the system at equator is larger than that at the poles. This effect is
important in calculating limb and gravity darkening, and should be considered.
The compression factor is rbra in each case. Table 2.2 show that for increasing the mass ratios,
causes the decreasing compression factor decreases.
Radius at θ=90
q ra rb 
1 0.356130872221 0.37404614837 1.05030531
2 0.299767888228 0.312881878375 1.0437471
4 0.0.248175751517 0.258267195738 1.0406624
6 0.220909051765 0.229720904363 1.0398890
8 0.20297367596 0.211020497258 1.03964465
10 0.189876788347 0.197392709232 1.0395831
Table 2.2: Compression factor for different mass ratio
Chapter3
Light curve synthesis in absence of irradiation
3.1 Companion star in absence of irradiation
We define a right-handed rotating coordinate system with the x-axis joining the stellar centers.
The center of star 1 is at (0,0,0) and the center of star 2 is at (1,0,0). The x-y plane is the
orbital plane. Next, we divide up the stars into grid elements. One usually uses a spherical
coordinate system (r, θ, φ), where θ is the latitude and φ is the longitude. The number of
grid elements eventually determines the integration accuracy. In practice, one must reach to
compromise between accuracy (fine grid) and computational speed (coarse grid).
We computed the total flux (in magnitudes) emitted from all surface elements of the star as
described in the following subsections. Results of this calculations for surface grids with different
number of points are shown in Figure 3.1.
Figure 3.1: Grid elements over the surface of the donor. Figure A (left) shows a fine grid while figure B
(right) a coarse grid.
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Figure 3.2: Brightness of the star, calculated integrated the flux emitted from all surface elements as a
function of the number of points in the grids. Each number on the x-axis represents the multiplication
factor of each coordinate of the starting (360× 180) φ− θ grid.
Considering the convergence of the total flux for increasing number of points, we found that
the code is sufficiently accurate with a grid of 1080×540 points in φ and θ (3 times the starting
grid). In the following, we will then adopt a grid of 1080×540 (φ and θ), so that ∆φ=∆θ = pi540 .
3.2 Surface coordinates
Each point on the surface (x, y, z) has a radius vector rˆ:
~r = (x, y, z) = r~e (3.1)
where,
~e = (λ, µ, ν) = (cosφsinθ, sinθcosθ, cosθ) (3.2)
and λ, µ , and ν are the direction cosines.
The surface normal vector has components nx, ny and nz, which are given by the gradients in
the potential:
~n = (nx, ny, nz) = − ∇Ψ|∇Ψ| (3.3)
The angle between the surface normal and the radius vector is (see Fig. 3.3) :
cosβ = λnx + µny + νnz (3.4)
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The differential surface element is:
dσ =
r2sinθdθdφ
cosβ
(3.5)
To find the surface area of the stellar surface, we simply add up the surface elements. In
general, the surface area will be different from 4piR2.
Figure 3.3: β is the angle between the surface normal and radial vector
3.3 Gravity darkening
The donor star is not completely spherical and it is deformed by the Black Hole and also rotation
around the center of the mass of the system. The recent development of long-baseline optical-
infrared interferometry has allowed direct observation of gravity darkening at the surface of
some rapidly rotating stars. This phenomenon has been known since the work of Von Zeipel
(1924)[45], who noticed that in a barotropic star (i.e. when the pressure only depends on the
density)the radiative flux is proportional to the surface effective gravity g.
This means that in distorted stars the polar zones are hotter than the equatorial ones. This
phenomenon is known as gravity-darkening. Von Ziepel (1924)[45] showed that, for radiative
atmospheres (e.g. stars hotter than about 6500 K), the emergent intensity and the flux at each
point on the surface (assuming hydrostatic equilibrium) is proportional to the local gravity:
F ∝ g (3.6)
Furthermore, since F ∝ T 4 (Stefan-Boltzmann law),
T ∝ g0.25 (3.7)
In practice, one uses
T (x, y, z) = T0
(
g(x, y, z)
g0
)1/4
(3.8)
where g0 and T0 are the effective gravity and the surface temperature of the star at the poles.
For convective atmospheres (e.g. cool stars), Lucy(1967)[28] showed that,
T ∝ g0.08 (3.9)
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so that
T (x, y, z) = T0
(
g(x, y, z)
g0
)1/4
(3.10)
Recent computations by Claret (2000) [4] are in reasonable agreement with Lucy (1967) [28].
In the Roche model, the surface gravity may not be constant over the stellar surface. This is
especially true for stars near their Roche lobes. As a result, owing to the consequence of gravity
brightening (or darkening) a star will have different local effective temperatures over
its surface.(see Fig. 3.5)
The gravity is lower near the equators, and is the lowest at the parts of the star nearest to the
L1 point.
So taking the gravity darkening effects into the account, the local radiant intensity I can be
expressed (Lucy 1924 [28]) :
I(x, y, z) = I0(
g
g0
)β (3.11)
where I0 is the intensity at the poles and
β =
d lnFν
d ln g
=
d lnFν
d lnT
d lnT
d ln g
(3.12)
is called gravity darkening coefficient.
Figure 3.4: Gravity darkening profile (( gg0 )
β) over the equator of the star (θ = pi/2)
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Figure 3.5: Gravity darkening profile (( gg0 )
β) at the fixed longitude(φ)=90.
Figure 3.4 & 3.5 represent the ( gg0 )
β profile computed when φ varies from 0 to 2pi (over the
equator of the donor), and when θ varies from 0 to pi at fixed φ = pi/2, respectively.
Figure 3.6: temperature map of a filling Roche lobe filling star in a binary system. Hot spots are shown
in red and cooler parts are shown in blue.
3.4 Limb darkening
We know from the Sun that the intensity near the disk center is higher than the intensity near
the limb. This is because the temperature increases with the depth in the stellar atmosphere,
and the line-of-sight near the limb does not go as deep as the line-of-sight near disk center.
Accurate modeling of the light curves of eclipsing binaries and planetary transits requires a good
knowledge about the intensity distribution of the stellar disc. Usually, the intensity distribution
is approximated by limb-darkening laws that are calibrated using modern stellar atmosphere
models. Milne (1927)[31] introduced the first explicit expression for the computation of limb
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darkening effects as a linear approximation. This is a well-known limb darkening law:
I(µ) = I0(1− u(1− µ)) (3.13)
where µ = cosγ, γ is the angle between the line of sight and direction perpendicular to the
stellar surface (see Fig. 3.3)
I0 represents the specific intensity along the normal direction and u is known as the linear limb-
darkening coefficient, that depends in general on wavelength λ. This expression is normalized
so that the total apparent luminosity of an undistorted star remains constant for any value of
the limb darkening between 0 and 1.
Geygar (1965)[15] as well as Shul’Berg (1973)[41] already pointed out that this linear ap-
proximation may not be accurate enough, particularly for hot stars, Several non-linear laws for
the darkening have therefore been proposed but the more generally adopted quadratic approxi-
mation in expressed in the form:
I(µ) = I(0)(1− u1(1− µ) + u2(1− µ) (3.14)
where u1 and u2 denote the coefficients of the quadratic limb darkening law.
Calculations by Grygar (1965) [15] have shown that appreciable deviations from a linear law will
arise only close to the limb itself. Since the main contribution to the observed flux comes from the
central part of the stellar disk, for our purposes it is sufficient to adopt a linear approximation.
Thus in the following we will adopt the expression:
I(µ) = D(µ)I0 (3.15)
where D(µ) = 1− µ(1− µ), is the Limb darkening law.
The total emergent flux given by the following integral over solid angle Ω is:
F =
∫
Ω
I(µ)µdµ (3.16)
3.5 Light curve
In order to compute the light curve, of the donor star over the orbital period, we have to consider
phase-dependent quantities. At any given phase, some parts of the star will be visible and other
parts of the star will be hidden. We need a way to check which parts of the star are visible and
which parts are not.
We define the line of sight vector along observer’s direction and points away. One can show
that the line of sight vector has the following components:
ax = −(sin i)(cos Φ) (3.17)
ay = (sin i)(sin Φ) (3.18)
az = cos i (3.19)
Where i is the inclination angle of line of sight vector respect to the rotating axis (z-axis),
and the φ is the angle of the line of sight vectoe respect to x-axis. The dot product of the line
of sight vector and the surface normal vector is the angle γ between the line of sight and the
surface. If cosγ ≥ 0, then the surface element is visible.
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The surface normal vector has components nx, ny, nz which are given by the gradients in the
potential(Eq. 3.3).
So the dot product of ~s and ~n will be:
cos γ = axnx + ayny + aznz (3.20)
To compute the observed flux, we then loop over the surface elements, check the value of cos γ,
and add up intensities:
F = Σ[I(x, y, z)D(γ) cos γdσ(x, y, z)] (3.21)
where:
dσ =
r2sinθdθdφ
cosβ
(3.22)
and β is the angle between the surface normal and the radial vector (see the Fig. 3.3), the
star may be significantly distorted. Hence the flux in general will not be a constant function
of phase, owing to the change in the apparent area of the star on the sky and to temperature
changes. These effect on the light curve are sometimes called ellipsoidal modulations.
Our model assumes that the radiation emerging from the donor star has a plank spectrum, with
a given effective temperature Teff (standard model) from integrating I(ν, T ) over frequency and
solid angle, one gets Stefan–Boltzmann law:
I = σT 4, (3.23)
Where σ = 2pi
5k4
15c2h3
= 5.670373× 10−8Wm−2K−4.
So the light curve observed in absence of irradiation will depend on the 5 parameters (q, u, i,
β, ff ). In this section we present the result of our calculation of the light curves in the standard
model, taking ellipsoidal modulation into the account.
These calculations will be compared with those of Bochkarev (1979) and will serve asa validation
test of our code.
Table 3.1 shows the difference between the maximum and the minimum brightness of the
light curve and the average of the two minima (expressed in milli-mag):
A = (2.5)× 103 log Fmax
Fave
(3.24)
where A is the variability amplitude.
An observer viewing the system face-on (i=0) will not detect any modulation. Increasing the
inclination angle (i) up to pi/2 will have the effect to see modulations. At the maximum in-
clination (i = pi/2) the amplitude of ellipsoidal variability will reach a maximum. For a given
inclination, the brightness reaches a maximum at phase φ = 0.25 (φ = pi/4). At φ = 0 and
φ = 0.5 (φ = pi) the brightness is minimum.
Since the distorted star is symmetric with respect to the (x, y) and (x, z) plane, the total flux
radiated by the star in either directions with respect to i = 0 and i = 90 will change in the same
way.
In Figures 3.7 through 3.33 we show the light curves calculates for different parameters.The
values reported to table (4.1) agree to within 98% with those reported for the same parameters
in Bochkarev (1979) [3].
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Table 3.1: Amplitude A of Ellipsoidal Variability for different values of parameters.
u
β=0 β=0.25 β=1
i
q 22.5 45 67.5 90 22.5 45 67.5 90 22.5 45 67.5 90
0
3.2 29.6 98.5 147.6 162.7 31.6 112.7 179.8 203.8 38.0 144.1 259.1 307.4
1 24.8 80.8 114.5 124.6 27.7 91.6 139.5 155.7 31.6 116.5 200 235.0
0.32 19.8 59.7 80.8 86.5 21.5 67.2 98.5 108.6 23.8 84.8 140.8 163.1
0.1 14.7 39.3 51.3 54.1 15.5 46.0 62.3 68.6 15.6 53.2 87.2 102.0
0.032 9.91 24.93 30.43 32.12 10.00 28.06 38.09 42.0 9.28 31.09 51.08 59.08
0.01 6.21 14.05 17.12 18.32 5.90 16.12 21.08 22.08 4.61 16.03 26.09 31.04
0.4
3.2 32.3 109.5 177.5 203.5 36.4 127.9 216.1 252.1 44.2 168.3 311.4 376.5
1 27.5 88.6 137.8 156.8 31.2 103.5 170.4 196.5 36.5 134.5 241.6 289.8
0.32 20.5 62.6 95.1 107.6 20.3 72.6 116.6 134.5 26.2 96.2 169.5 202.4
0.1 12.5 41.2 60.9 67.2 14.5 47.5 74.9 85.9 17.1 60.2 106.4 127.6
0.032 9.2 24.1 36.2 40.6 9.3 27.1 43.9 51.0 9.2 33.0 61.2 74.5
0.01 5.4 13.1 19.3 21.5 5.3 16.0 24.0 28.1 4.5 16.2 31.3 39.5
1
3.2 39.1 131.2 242.2 295.6 45.1 157.2 296.9 364.3 58.0 215.2 431.2 540.2
1 33.0 100.2 188.5 228.2 34.2 122.1 229.2 281.8 46.0 170.0 333.2 415.0
0.32 25.0 72.1 133.1 16.1 26.0 78.2 164.4 201.3 32.0 119.1 235.1 296.3
0.1 16.0 42.2 84.2 102.2 17.0 54.5 104.5 128.5 20.0 72.0 134.0 163.1
0.032 8.1 22.1 46.2 57.1 9.6 28.1 59.2 74.2 10.0 38.1 84.1 111.2
0.01 4.9 11.9 25.0 32.7 5.0 16.1 33.2 42.6 4.2 116.2 42.9 60.1
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3.5.1 Ellipsoidal variability in absence of gravity and limb darkening
Neglecting gravity and limb darkening effects, the light curves have an extra symmetry with
respect to the (y-z) plane. The total energy flux radiated at φ=0.5 and φ = 0.75 are equal for
all i. (total flux toward the observer direction is proportional to the cross section of the star
that the observer sees). ∆M is the difference (in milli-mag) between the magnitude of the star
at a given phase and the magnitude at inferior conjunction.
Figure 3.7: Light curves for i=22.5◦(blue) and 45◦(Green) for β=0 & u=0.
Figure 3.8: Light curves for i=45◦ (blue) and 90◦ (green). For β=0 & u=0
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Figure 3.9: Light curves (in Watt) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple), for β=0 & u=0.
3.5.2 Ellipsoidal variability in absence of limb darkening and with β=0.25
Including gravity darkening, the two minima will not be equal. As it is shown in Figure 3.9 and
3.10 increasing the inclination will increase the difference between the two minima.
Figure 3.10: Light curves for i=22.5◦(blue) and 45◦(Green) for β=0.25 & u=0
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Figure 3.11: Light curves i=45◦ (blue) and 90◦ (green) for β=0.25 & u=0
Figure 3.12: Light curves (in Watt) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple), for β=0.25, u=0.
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3.5.3 Ellipsoidal variability in absence of limb darkening and β=1.0
Figure 3.13: Light curves for i=22.5◦(blue) and 45◦(Green). for β=1.0 & u=0
Figure 3.14: Light curves for i=45◦ (blue) and 90◦ (green) for β=1.0 & u=0
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Figure 3.15: Light curves (in Watt) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple),assuming β=1.0, u=0
3.5.4 Ellipsoidal variability in absence of gravity darkening and u=0.4
Figure 3.16: Light curves for i=22.5◦(blue) and 45◦(Green) for β=0 & u=0.4
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Figure 3.17: Light curves for i=45◦ (blue) and 90◦ (green) for β=0 & u=0.4
Figure 3.18: Light curves (in Watt) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple),assuming β=0, u=0.4
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3.5.5 Ellipsoidal variability for β=0.25 and u=0.4
Figure 3.19: Light curves for i=22.5◦(blue) and 45◦(Green) for β=0.25 & u=0.4
Figure 3.20: Light curves for i=45◦ (blue) and 90◦ (green) for β=0.25 & u=0.4
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Figure 3.21: Light curves (in W.s) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple),assuming β=0.25, u=0.4
3.5.6 Ellipsoidal variability for β=1.0 and u=0.4
Figure 3.22: Light curves for i=22.5◦(blue) and 45◦(Green)for β=1.0 & u=0.4
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Figure 3.23: Light curves for i=45◦ (blue) and 90◦ (green) for β=1.0 & u=0.4
Figure 3.24: Light curves (in W.s) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple),assuming β=1.0, u=0.4
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3.5.7 Ellipsoidal variability for β=0 and u=1.0
Figure 3.25: Light curves for i=22.5◦(blue) and 45◦(Green) for β=0 & u=1.0
Figure 3.26: Light curves for i=45◦ (blue) and 90◦ (green) for β=0 & u=1.0
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Figure 3.27: Light curves (in W.s) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple),assuming β=0, u=1.0
3.5.8 Ellipsoidal variability for β=0.25 and u=1.0
Figure 3.28: Light curves for i=22.5◦(blue) and 45◦(Green) for β=0.25 & u=1.0]
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Figure 3.29: Light curves for i=45◦ (blue) and 90◦ (green) for β=0.25 & u=1.0]
Figure 3.30: Light curves (in W.s) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple),assuming β=0.25, u=1.0
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3.5.9 Ellipsoidal variability for β=1.0 and u=1.0
Figure 3.31: Light curves for i=22.5◦(blue) and 45◦(Green) for β=1.0 & u=1.0
Figure 3.32: Light curves for i=45◦ (blue) and 90◦ (green) for β=1.0 & u=1.0]
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Figure 3.33: Light curves (in W.s) for different inclinations i=0◦(blue), i=22.5◦(green), i=45◦(orange),
i=67.5◦(aqua), i=90◦(purple),assuming β=1.0, u=1.0
Chapter4
Light curves in presence of X-ray irradiation
So far, we have considered a simple model consisting of a single star, with a black body spectrum,
a simple linear limb darkening law, and in a circular orbit. However, we want to go further than
that. In X-ray binaries, the mass accreted onto the BH from the companion generates a flux
of X-rays which irradiates the companion. The temperature of the surface of the star may be
altered due to X-ray irradiation.
4.1 Irradiation effects on the temperature profile of the star
Assuming that the irradiated surfaces are in thermal, radiative and hydrostatic equilibrium, the
irradiated layers necessarily re-emit all of the radiation falling on them.
In order to derive the total emission taking the irradiated and non-irradiated component
into account, we need to understand the mechanism of irradiation on the surface of the donor
star. Milne 1926 [31] treated the case of incident radiation at optical wavelengths and cooling
by emission of optical radiation. Wu et al. (2001) [44] modified that formulation in order to
account for incident radiation at x-ray wavelength.
The total black body radiation flux at optica; depth τ is a combination of a component Bx(τ)
irradiation effects and a the component Bs(τ) related to the star in absence of irradiation. The
total flux is the sum of these two components. The corresponding temperature profile is then:
T (τ) = {pi
σ
[Bx(τ) +Bs(τ)]}1/4 (4.1)
The X-rays incident on the surface of the donor are divided into a soft and a hard bands.
This is important because the soft X-rays will be absorbed by the layers closer to the surface
while hard X-rays will be absorbed at greater depth.
Incident radiation is assumed to be composed by parallel beams of soft and hard X-rays.
The absorption coefficients of the soft and hard X-rays are ks = Ksk and kh = Khk respectively,
k is the absorption coefficient of optical radiation.According to Copperwheat et al. (2005)[6],
the flux of the irradiative component is given by the solution of the transfer equation in the
limit of an illuminated plane parallel atmosphere in radiative equilibrium and is given by the
expression:
B(τ)x = a− bs exp(−ksτsecα)− bh exp(−khτsecα) (4.2)
where α is the angle between the incident X-ray beam and the normal vector to the surface of
the star (see Fig 4.1) and a, bs and bh are constants to be dermind by the boundary conditions.
In the following we took Ks=2.5 and Kh= 0.01 as reference values (see Wu et al. 2001).
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Figure 4.1: The geometry of the X-ray irradiation of the star surface (copperwheat et al. 2005 (2005) [6]
The emergent optical radiation in the direction θ (toward the observer) is the Laplace trans-
form of Bx(τ) (Wu et al. 2001)[44]:
I(µ) = lim
τtot→∞
[
∫ τtot
0
dτBx(τ) exp(−τ/cosθ)] = a− bsAs(As + µ)−1 − bhAh(Ah + µ)−1 (4.3)
where As=cosα/Ks and Ah=cosα/Kh , respectively, and µ=cos θ.
a =
1
2
[KsSsAsfs(α) +KhShAhfh(α)] (4.4)
bs =
1
2
KsSs[As − 1/2]fs(α) (4.5)
bh =
1
2
KhSh[Ah − 1/2]fh(α) (4.6)
The functions fs and fh are given by:
fs(α) = [1−As +As(As − 1/2) ln(1 +Ks secα)]−1 (4.7)
fh(α) = [1−Ah +Ah(Ah − 1/2) ln(1 +Kh secα)]−1. (4.8)
where piSd and piSh are the soft and hard incident X-ray fluxes per unit area normal to the
beams, coming from a deviation at an angle α with the star surface.
The hardness parameter of the X − ray source is defined as ξ = Sh/Sx where Sx=Ss + Sh.
In term of this parameters and using parameters (5.3) - (5.8) we abtain (Wu Et al. (2001) [44]:
Bx(τ) =
1
2
Sx{Ksfs(α)( ξ
1 + ξ
)[AS − (As − 1
2
)e−τ/As ] +Khfh(α)(
ξ
1 + ξ
)[Ah − (Ah − 1
2
)e−τ/Ah ]}
(4.9)
In the case of strong X-ray irradiation the surface layer is significantly hotter than the star.
Temperature inversion is stronger for larger incident angles. The effective tempereture of the
star surface under irradiation is obtained assuming that the total emitted flux is the sum of
the intrinsic flux (σT 4unirr, where Tunirr is temperature of the unirradiated star) and the flux
produced by the incident x-ray photons (piBx(2/3), where τ = 2/3).
Teff = [
pi
σ
Bx(2/3) + T
4
unirr]
1/4 (4.10)
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The specific intensity at the surface of the star is then:
I = σT 4eff , (4.11)
where σ= 2pi
5k4
15c2h3
= 5.670373 × 10−8Wm−2K−4.
4.2 Light curves properties
Light curves observed in presence of irradiation show a maximum at phase=0 and a minimum
at phase=0.5
The amplitude of the orbital variability is assumed using the following expression:
A = 2.5× 103 log Fmax
Fmin
(4.12)
where Fmax and Fmin are the maximum and minimum flux. Unlike the light curves in absence
of irradiation, the total energy flux radiated, when the system is viewed face on (i=0) in not
maximum. In addition at this inclination the observer will not detect any variation in amplitude.
Increasing the inclination angle (i) will increase the amplitude of the flux from the donor star
over the orbital period.
In Figures 4.2 through 4.7, we show the light curves of the irradiated donor star for different
values of the parameters i, u and β for q = 1 .
4.2.1 Ellipsoidal variability in absence of gravity and limb darkening
In the following we show the light curve of the Roche lobe filling donor star calculated assuming
a mass ratio q = 1, a black hole mass MBH = 20M and an effective temperature of the poles of
3000K. The X-ray luminosity emitting by inner accretion disc around the black hole is presented
in terms of Eddington rates (Lx/Ledd). We took the case Lx/Ledd=10 as representative of the
typical luminosities of X-rays and X-ray irradiation. ∆M is the difference between the maximum
and the minimum magnitude (expressed in milli-mag).
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Figure 4.2: Light curves of the irradiated donor for i=22.5◦(blue) and i=45◦(Green). The parameters
have the following values: β=0 u=0, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
Figure 4.3: Light curves of the irradiated donor for i=45◦ (blue) and i=90◦ (green), The parameters have
the following values: β=0, u=0, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
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Figure 4.4: Luminosity (in Watt) of the irradiated donor for different inclinations: i=0◦(blue),
i=22.5◦(green), i=45◦(orange), i=67.5◦(aqua), i=90◦(purple), The parameters have the following val-
ues: β=0, u=0, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
4.2.2 Ellipsoidal variability and X-ray irradiation in presence of gravity and
limb darkening
Figure 4.5: Light curves of the irradiated donor for i=22.5◦(blue) and i=45◦(Green). The parameters
have the following values: β=0.25 u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
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Figure 4.6: Light curves of the irradiated donor for i=45◦ (blue) and i=90◦ (green),The parameters have
the following values: β=0.25 & u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
Figure 4.7: Luminosity (in Watt) of the irradiated donor for different inclinations: i=0◦(blue),
i=22.5◦(green), i=45◦(orange), i=67.5◦(aqua), i=90◦(purple), The parameters have the following val-
ues: β=0.25, u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
Light curves in presence of X-ray irradiation 55
4.3 Application to the ultraluminous X-ray source ULX-1 M101
The spectroscopic monitoring of M101 ULX-1 shows that the donor star in that ULX is a Wolf-
Rayet star with a mass estimated to be 19M (Liu et al 2013) [27]. The period of the binary
system is 8.2 days. Here we compute the light curve of the irradiated donor adopting parameters
appropriate for this system. The black hole mass is assumed to be MBH = 20M
Figure 4.8: Light curves of the irradiated donor for i=22.5◦(blue) and i=45◦(Green). The parameters
have the following values: β=0.25 u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
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Figure 4.9: Light curves of the irradiated donor for i=45◦ (blue) and i=90◦ (green),The parameters have
the following values: β=0.25 & u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
Figure 4.10: Luminosity (in Watt) of the irradiated donor for different inclinations: i=0◦(blue),
i=22.5◦(green), i=45◦(orange), i=67.5◦(aqua), i=90◦(purple), The parameters have the following val-
ues: β=0.25, u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
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Light curves assuming MBH = 25M
Figure 4.11: Light curves of the irradiated donor for i=22.5◦(blue) and i=45◦(Green). The parameters
have the following values: β=0.25 u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
Figure 4.12: Light curves of the irradiated donor for i=45◦ (blue) and i=90◦ (green),The parameters
have the following values: β=0.25 & u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
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Figure 4.13: Luminosity (in Watt) of the irradiated donor for different inclinations: i=0◦(blue),
i=22.5◦(green), i=45◦(orange), i=67.5◦(aqua), i=90◦(purple), The parameters have the following val-
ues: β=0.25, u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
Light curves assuming MBH = 30M
Figure 4.14: Light curves of the irradiated donor for i=22.5◦(blue) and i=45◦(Green). The parameters
have the following values: β=0.25 u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
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Figure 4.15: Light curves of the irradiated donor for i=45◦ (blue) and i=90◦ (green),The parameters
have the following values: β=0.25 & u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
Figure 4.16: Luminosity (in Watt) of the irradiated donor for different inclinations: i=0◦(blue),
i=22.5◦(green), i=45◦(orange), i=67.5◦(aqua), i=90◦(purple), The parameters have the following val-
ues: β=0.25, u=0.4, ξ=0.01, ks=2.5, kh=0.01, albedo= 0.7
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Chapter5
Conclusions
The aim of this thesis is to simulate the orbital modulations caused by the companion star in
an Ultra-luminous X-ray source. ULXs are non-nuclear X-ray sources in nearby galaxies with
luminosity in excess of 1039 erg s−1. They exceed the Eddington limit for a 10M black hole
and their nature is still puzzling us, although the majority of them is believed to be accreting
binary systems with a black hole or a neutron star.
We constructed a model to calculate the modulation of the optical emission of ULXs induced
by the orbital motion. We computed the optical emission of the Roche-lobe filling companion
star at different phases along its orbit as a function of the system parameters, including the
effects of ellipsoidal modulation of the donor and X-ray irradiation from the accretion disc. The
final goal of this work is to model the lightcurves of these systems and constrain the mass of
the compact object and the donor star. Being able to constrain their masses will be crucial to
understand the nature of ULXs.
We developed the current model by including the donor star deformation induced by the
Roche-lobe geometry and considering effects which are important to correctly model the light
curves of ULXs. These effects are described in terms of a number of parameters/quantities, such
as gravity and limb darkening parameters, Roche lobe filling factor, deformation and temperature
of the donor, inclination to the line of sight, X-ray irradiation flux.
We determined numerically the geometrical structure of the donor star following an approach
historically introduced to model the lightcurves of Galactic X-ray binaries. We then computed
the surface effective temperature and emitted flux of the donor assuming black body emission,
taking gravity and limb darkening into account, and including the heating effects of the incident
X-rays.
We first computed the light curves in absence of the X-ray irradiation and tested them against
those reported in Bochkarev (1979). We found two asymmetric minima corresponding to the
superior and inferior conjunction, caused by the combined effect of geometrical deformation and
gravity darkening, a result well known in the literature. We then calculated the light curves
including X-ray irradiation effects and allowing the X-ray source to emit above the Eddington
limit. We examined the dependence of the light curve on the various model parameters, deter-
mining in each case the expected amplitude of the orbital modulation. The light curve shows a
single minimum, corresponding to inferior conjunction while, at superior conjunction, when the
irradiated surface of the star is visible, the luminosity is maximum. A face-on system would not
show any modulation while, increasing the inclination angle, the orbital modulation becomes
progressively larger.
Finally, we performed a preliminary calculation for the parameters appropriate for a real
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source, the ULX M 101 ULX-1. Because of the significant X-ray irradiation, despite the high
temperature of the Wolf-Rayet donor star, in this system the expected amplitude of the orbital
modulation is significant (∆m ≥ 0.2 for inclination i ≥ 220). For larg inclinations the variability
amplitude may increase because of partial eclipses of outed region of the accretion disk (not
considered here). It will be important to test these reults against the optical photometry of the
counterpart of M 101 ULX-1, when it will become available.
This work represents the first step towards computing the light curves of ULX systems and
was focused on the implementation of the modulations induced by the irradiated donor. We
are now computing a grid of models with different black hole masses and mass ratios, and for
donors that underfil their Roche lobe but are still significantly deformed (appropriate for wind
fed systems). A full treatment of the orbital modulations should include also the contribution
of the accretion disc and the partial/total eclipsing of the donor/disc at large inclinations. For
systems accreting above Eddington, different X-ray irradiation geometries that account for the
effects of the non-standard structure of the accretion discs should also be taken into account.
These are all possible future developments that will extend and in part rely on this work.
Bibliography
[1] Bachetti M., Harrison F. A., Walton D. J., Grefenstette B. W., Chakrabarty D., Fu¨rst F.,
Barret D., A. Beloborodov, S. E. Boggs, Christensen F., Craig W. W., Fabian A. C. , Hailey
C. J., Hornschemeier A. , Kaspi V., Kulkarni S. R., Maccarone T., Miller J. M.,Rana V.,
Stern D. ,Tendulkar S. P., Tomsick J. , Webb N. A., Zhang W. W.: 2009, ApJ, 696, 1712F:
”An ultraluminous X-ray source powered by an accreting neutron star”
[2] Begelman M. C., 2002, ApJ, 568, L97: ”Super-Eddington Fluxes from Thin Accretion Disks”
[3] Bochkarev N. G.,Karitskaia E. A.,Shakura, N. I.,1979, SvA, 23, 8B: ”Calculation of the
ellipsoidality effect in close binary systems with one optical component”
[4] Claret, A. 2000, A&A, 363, 1081C: ”A new non-linear limb-darkening law for LTE stellar
atmosphere models. Calculations ”
[5] Colbert E. J. M., Mushotzky R. F., 1999, ApJ, 519, 89: ”The Nature of Accreting Black
Holes in Nearby Galaxy Nuclei”
[6] Copperwheat C., Cropper M., Soria R.; Wu K., 2005, MNRAS, 362, 79C: ”Optical and
infrared signatures of ultra-luminous X-ray sources”
[7] Eggleton, P. P., 1983, ApJ,268 ,368E: ”Approximations to the radii of Roche lobes”
[8] Fabbiano G., 1989, ARA&A, 27, 87: ”X rays from normal galaxies”
[9] Fabbiano G., 2006, ARA&A, 44, 323: ”Populations of X-Ray Sources in Galaxies”
[10] Feng H., Rao F. ,Kaaret P. ,2010, ApJ, 710, L137F ”Discovery of Millihertz X-Ray Oscil-
lations in a Transient Ultraluminous X-Ray Source in M82”
[11] Frank, J., King, A., and Raine, D. ,2002,: ”Accretion power in astrophysics. Cambridge
University Press”
[12] Feng H., Kaaret P., 2009, ApJ, 696, 1712: ”Spectral states and evolution of Ultraluminous
X-ray Sources”
[13] Foster J., Nightingale J. D. 2006, asci, book, F: ”A Short Course in General Relativity”
[14] Grise´ F., Kaaret P., Feng H., Kajava J. J. E., Farrell S. A., 2010, ApJ, 724L, 148G ”X-ray
Spectral State is not Correlated with Luminosity in Holmberg II X-1”
63
64
[15] Grygar J., 1965, BAICz, 16, 195G : ”Application of the non-linear laws of limb darkening
on eclipsing binaries. II. Limb darkening from model atmospheres”
[16] Haardt F., Maraschi L., 1991, ApJ, 380L, 51H : ”A two-phase model for the X-ray emission
from Seyfert galaxies”
[17] Heil L. M., Vaughan S., Roberts T. P., 2009, MNRAS, 397, 1061: ”A systematic study of
variability in a sample of ultraluminous X-ray sources”
[18] Israel G. L., Papitto A., Esposito P., Stella L., Zampieri L., Belfiore A., Rodr´ıguez Castillo
G. A., De Luca A., Tiengo A., Haberl F., Greiner J., Salvaterra R., Sandrelli S., Lisini G. ,
2016, arXiv, 160906538I: ”Discovery of a 0.42-s pulsar in NGC 7793 P13”
[19] Kallrath J., 1999, ISBN: 978-1-4419-0698-4: ”Eclipsing Binary Stars: Modeling and Anal-
ysis”
[20] Kaaret P., Feng H., 2009, ApJ, 702, 1679K6: ”X-ray Monitoring of Ultraluminous X-ray
Sources”
[21] Kopal Z., 1959, cbs, book, K: ”Close binary systems”
[22] Kong A. K. H., Yang Y. J., Yen T.-C., Feng H., Kaaret P., 2010, ApJ, 722, 1816K: ”Swift
Observations of the Ultraluminous X-ray Source Holmberg IX X-1”
[23] King A. R., 2008, MNRAS, 385, L113: ”Accretion rates and beaming in ultraluminous
X-ray sources”
[24] King A. R.,Davies M. B., Ward M. J., Fabbiano G., Elvis M., 2001, 552, L109: ”Ultralu-
minous X-Ray Sources in External Galaxies”
[25] Kippenhahn R., Thomas H.-C. , 1970, stro, coll, 20K,: ”A Simple Method for the Solution
of the Stellar Structure Equations Including Rotation and Tidal Forces”
[26] Limber, D. Nelson, 1963, ApJ, 138, 1112L: ”Surface Forms and Mass Loss for the Compo-
nents of Close Binaries General Case of Non-Synchronous Rotation”
[27] Liu F. J., Bregman J. N. , Bai Y. , Justham S. , Crowther P. , 2013, Nature, 503, 500:
”Puzzling accretion onto a black hole in the ultraluminous X-ray source M 101 ULX-1”
[28] Lucy L. B., 1967, ZA, 65, 89L : ”Gravity-Darkening for Stars with Convective Envelopes”
[29] Long K. S., van Speybroeck L. P., 1983, in Lewin W. H. G., van den Heuvel E. P. J., eds,
Accretion-Driven Stellar X-ray Sources. Cambridge Univ. Press, Cambridge, p. 117
[30] Mapelli M., Colpi M., Zampieri L., 2009, MNRAS, 395, L71: ”Low metallicity and ultra-
luminous X-ray sources in the Cartwheel galaxy:
[31] Milne E. A., 1926 MNRAS,87,43M: ”The reflection effect in eclipsing binaries”
[32] Motch C. , Pakull M. W., Soria R. , Grise F. , Pietrzynsky G. , 2014, Nature, 514, 198: ”A
mass of less than 15 solar masses for the black hole in an ultraluminous X-ray source”
[33] Mochnacki, S. W., 1984ApJS...55..551M: ”Accurate integrations of the Roche model”
[34] Murray C. D. , Dermott S. F. 1999: ”Solar System Dynamics, Cambridge University Press,
Cambridge”: ISBN 0-521-57597-4
BIBLIOGRAPHY 65
[35] Orlov A. A. , A, 1961, SvA, 4, 845O: ”Generalization of the Roche Model”
[36] Plavec M., Kratochvil P., 1964,BAICz, 15, 165P: ”Tables for the Roche model of close
binaries”
[37] Poutanen J., Lipunova G., Fabrika S. , Butkevich A. G., Abolmasov P, 2007,MNRAS, 377,
1187P: ”Supercritically accreting stellar mass black holes as ultraluminous X-ray sources”
[38] Paradijs V. J., McClintock, J. E., 1995, xrbi, nasa, 58V: ”Optical and ultraviolet observa-
tions of X-ray binaries”
[39] Rao F. , Feng H. , Kaaret P. ,2010, ApJ, 722, 620R: ”Detection of Strong Short-term
Variability in NGC 6946 X-1”
[40] Rybicki G. B., Lightman A. P., 1979, ISBN-10: O-471-82759-2: ”Radiative processes in
astrophysics”
[41] Shul’berg A. M. , Wiley, New York, 1973: ”Eclipsing Variable Stars”
[42] Strohmayer T. E., Mushotzky R. F., 2003, ApJ, 586, L61: ”Discovery of X-Ray Quasi-
periodic Oscillations from an Ultraluminous X-Ray Source in M82: Evidence against Beam-
ing”
[43] Strohmayer T. E., Mushotzky R. F., Winter L., Soria R., Uttley P., Cropper M., 2007,
ApJ, 660, 580: ”Quasi-periodic Variability in NGC 5408 X-1”
[44] Wu K., Roberto S., Richard W. H. , Helen M. J. : 2001, MNRAS, 320, 177W: ”Optical
spectroscopy of GX 339-4 during the high-soft and low-hard states — I”
[45] von Zeipel H., 1924, MNRAS, 84, 665V: ”The radiative equilibrium of a rotating system of
gaseous masses”
[46] Zampieri L., Roberts T. P. ,2009, MNRAS, 400, 677Z: ”Low-metallicity natal environments
and black hole masses in ultraluminous X-ray sources”
